Abstract
navigation system in laser guided vehicles called LGV, see Figure 1 . The vision system uses strips of reflector tape which are put on walls or objects along the route of the vehicle, cf. [ l l]. The laser scanner measures the direction from the vehicle to the beacons. This information is used to calculate the position of the vehicle.
In this paper the critical configurations for structure and motion estimation with 1D retina cameras are studied and classified. A complete categorization of the different ambiguities is given, both for calibrated and uncalibrated cameras. The paper is primarily based on three mathematical tools:
0 The connection between the calibrated and uncalibrated case through the circular points.
0 The Carlsson duality and the Cremona transformation that makes it possible to switch roles between cameras and points.
0 Multiview geometry using multilinear constraints. For the 1D retina case there is only the trilinear tensor and its dual (in the Carlsson duality sense).
The approach taken here is much inspired by the w'orks of Carlsson [6] , Hartley and Debunne [9] and Maybank '[ 141. Prior work on critical configurations hasbeen focused on the 2D perspective camera. For critical surfaces and curves, see 113, 5 , 14, 81 and for critlcal camera motions (in the context of auto-calibration), see 119, 121. In [l6], the ID camera was studied and it was shown that there are in general two solutions to the structure and motion problem for three views and any number of points. This was further investigated in [3] .
The results presented here are of both practical and theoretical interest. O n a theoretical level, the ID retina version of Carlsson duality and the Cremona transformation can be very useful and provide valuable insight into these problems. A complete classification of critical configurations is useful in practical situations when designing measurement paths for structure and motion estimation. Naturally, one wants to avoid the critical configurations.
The 1D Perspective Camera
Introduce an object coordinate system and place the camera centre of a perspective camera at the origin and let the camera axis be aligned with the Y-axis, see Fig. 2 .
Then, a point ( X , Y ) in the plane is projected to a point 2 on the image line as 2 = x. Using homogeneous coordinates y. the projection can be written as a linear equation, where A is a scalar factor, U and U are homogeneous coordinate vectors for points on the line and plane, respectively.
If the camera centre is at position C = (Cz, C,) and the camera axis is not aligned with the Y-axis, then the matrix
where R is a 2 x 2 rotation matrix encoding the orientation of the camera.
The 1D perspective camera has also two intrinsic parameters. One is the focal length, which describes the distance from the camera centre to the image line, and the other one is the principal point, which denotes the point on the image line where the camera axis intersects. In the projection equation (I) , the focal length is set to one and the principal point to zero. For arbitrary values of focal length f and principal point 20, the projection is
When the calibration matrix K is a priori unknown the camera is said to be uncalibrated.
Problem Formulation
Motivated by the previous sections the structure and motion problem will now be defined. We formulate it in an uncalibrated camera setting. 
We consider two solutions to the structure and motion problem to be the same if they are related by a projective transformation, as they give the same images. Using only two cameras, it is not possible to calculate both structure and motion as any two lines in the plane always intersect. With three measurements of an object point in the plane, there is an addition constraint that the three corresponding lines actually intersect. This can be formulated in the following way, see [ 161 for a proof. 
2 , j A is fulfilled for some 2 x 2 x 2 tensor T .
The tensor T encodes the camera motion for three views.
Given three camera matrices, it is possible to calculate the corresponding tensor T . The inverse mapping has been studied in [16, 31. One key result is that given T , there are always two triplets of camera matrices that correspond to T . This implies that for three cameras and any number of points seen in these views, there are always two possible solutions and without any further information, one cannot tell which solutions is the correct one. An additional camera will in general lead to a unique solution.
The two solutions are related by a Cremona transformation [2, 151. The two solutions coincide in the special case where the three camera centers are aligned. In the special case of calibrated cameras the transformation is well-known to be the so called isogonal conjugacy, cf. [4, p. 1131.
Uncalibrated vs Calibrated Case
If a camera is calibrated and normalized such that the calibration matrix equals the identity, the first 2 x 2 matrix of the camera matrix is restricted to a.similarity, cf. (1);awhile an uncalibrated camera matrix is allowed to be .a. general 2 x 3 matrix.
Another way to characterize the difference,between the calibrated and uncalibrated case is through the use of the 
,
The important implication of the theorem,, that will be used vividly in the sequel, is the following corollary., Corollary 4.1. The uncalibrated structure and motion problem with n points and m images is equivalent to the calibrated structure and motion problem with n -2 points in m images.
The Carlsson Duality
In [6] Carlsson showed that there is a'dual relationship between object points and camera centres for an uncalibrated 2D camera. The Carlsson duality holds also for the case of uncalibrated projections from 2D to ID.
Following the terminology introduced by Hartley and Debunne [9] , the Carlsson duality can be,expressed by a certain Cremona tranfomation. It will be useful to know how the Carlsson map acts on other geometric objects than object points and camera centres. See Page 49, Theorem V in [ 181 for a proof. In the calibrated case we have two points for "free" (the circular points). These can be used as two of the three base points in forming the Carlsson map. Only one additional point is then needed. The calibrated Cremona transformation can be derived by changing coordinate systems from the one used in the uncalibrated case, to one where the circular points and the origin serve as base points. (4) The transformation has the property that from every point A the angle measured to an arbitrary point B relative to the origin is the same as the angle from the dual point B' to the point A'.
Lemma 5.2. Consider the calibrated Cremona transformation
The lemma is illustrated in Figure 3 
. CL).
So an algorithm that solves the structure and motion problem for a particular configuration can also be applied to solve for the dual configuration, cf. [9] .
Basic Ambiguities
The structure and motion problem can only be determined up to an unknown coordinate transformation. Also, for three cameras and any number of points, there is a twofold ambiguity. Additionally, there are two other basic ambiguities.
The problem of calculating object points using known camera positions is known as intersection. There is one critical configuration for which there is not a unique solution. Resection is the problem of calculating camera positions using image measurements and known object points. In this case, the critical configurations are not obvious. However, the intersection and resection problem are dual to each other, see 
Three View Ambiguities
A structure and motion problem with three views can be ambiguous in three ways: (i) The alternative reconstructions have the same relative camera motion, (ii) the alternative reconstruction have different relative camera motion, but the corresponding trilinear tensor is the same, or (iii) the alternative reconstructions have different relative camera motion and the corresponding trilinear tensor is different.
For case one there is a unique relative motion, so one can without loss of generality assume that the camera positions are known. The alternative reconstruction differs in at least one of the object points. This can only happen if the camera centres and that point is collinear, see Theorem 6.1. For case two. it is well-known that for each trilinear tensor there are two possible relative camera motions. Thus any three view problem is critical in the sense that there are at least two possible solutions. For the third case, we ask if there are cases where there might be more than two solutions to the structure and motion problem. We will call this case a three view ambiguity.
We are now ready to state the theorem describing exactly when there are three view ambiguities. See Figure 5 .
Theorem 7.1. The structure and motion problem for three views and arbitrary number of points is ambiguous i f and only i f the three camera centres and all the object points lie on a cubic curve.
There is an interesting special case when all the points and at least one of the camera centres lie on a conic. It fits into the theorem since there is a cubic consisting of the conic through the points and one camera centre and a line through the remaining camera centres. The cubic thus covers all points and camera centres. The problem is then critical in the sense that the resection problem for the first camera is critical, cf. Theorem 6.2.
ProoJ: Consider a situation where there is an ambiguity. Consider one of the solutions to the problem. For this solution there is a placement of cameras, A, B and C. The condition that there is an ambiguous solution is equivalent to saying that there is an alternative tensor Tijk such that where a, b and c are image points in the three images respectively. Since ai = AiX, bi = BiX and ci = C'X the constraint on the object point is a third degree polynomial in X E P2:
This shows that all object points pass through this cubic curve. To see that the camera centres lie on the same curve it is sufficient to observe that AF = 0 and thus p(F) = 0, where F is the camera centre of A.
To show the only if part we consider an object where all camera centres and object points lie on an arbitrary third degree polynomial. Without loss of generality we may change both object coordinate system and image coordinate system so that 
For this particular choice of coordinates it is straightforward to check that the matrix M has rank 7. If the three camera centres happen to be on a line, it is also easy to check that the corresponding mapping is also linear with rank 7. The mapping ( 5 ) is in fact a bijective mapping from the star of tensors through the true tensor (which can be identified with P6) to the manifold of cubic curves that pass through the three camera centres (also P6).
Since the mapping is bijective, our arbitrary third degree curve on which the object points lie, correspond to an ambiguous tensor. Thus the structure and motion problem for 0 From the principle of duality, the following theorem is that case is critical. This concludes the proof. results, the general problem will now be solved. A natural generalization of the three view case for the word "ambiguous" is that the alternative reconstructions have different relative camera motion and (at least) one triplet of cameras has a different trilinear tensor.
Theorem 8.1. A I D structure and motion problem is ambiguous regardless of the number of cameras and points i f and only if all the camera centres and the object points lie on a common third degree curve.
Pro05 We begin by showing that a problem is ambiguous if all points lie on a third degree curve. Assume that camera centres and object points lie on a third degree curve c. By first restricting the problem to only 6 points, we know from Theorem 7.2 that the configuration is ambiguous and there is (at least) one-parameter family of solutions. Now, consider a 7th point on the curve c. We need to show that the constraints generated by the projection equation for this extra point does not break the ambiguity. However, all these constraints reduce to trilinear constraints, as there are no higher order constraints for 1D camera motion, cf. [3] .
Thus, it suffices to consider three arbitrary cameras P,, P, and P k . In the proof Theorem 7.1, we showed that the map from stars of tensors to cubic curves (through the camera centres) is bijective. So, from c and the three cameras centres, a star of tensors AT1 + pT2, where (X,p) E Pl, is Thus all ambiguous configurations have the property that all 0 m + n points lie on a third degree curve.
In Figure 6 an example of a critical configuration is illustrated. Even though there are 82 views of 15 points, the 1D images alone cannot disambiguate between a one-parameter family of solutions. Another example is illustrated in Figure 7 , where a camera moves along corridor which is frequently occurring.in practical situations.
Conclusions
We have given a complete categorization of all ambiguous configurations for the structure and motion problem in ID retina vision. The main ambiguity is when all object points (regardless of how many) and all camera centres (again, regardless of the number of cameras) lie on a cubic. 
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